Universal Constraints on the Location of Extrema of Eigenfunctions of
  Non-Local Schr\"odinger Operators by Biswas, Anup & Lőrinczi, József
ar
X
iv
:1
71
0.
11
59
6v
2 
 [m
ath
.SP
]  
9 J
an
 20
19
UNIVERSAL CONSTRAINTS ON THE LOCATION OF EXTREMA OF
EIGENFUNCTIONS OF NON-LOCAL SCHRO¨DINGER OPERATORS
ANUP BISWAS AND JO´ZSEF LO˝RINCZI
Abstract. We derive a lower bound on the location of global extrema of eigenfunctions for a large
class of non-local Schro¨dinger operators in convex domains under Dirichlet exterior conditions,
featuring the symbol of the kinetic term, the strength of the potential, and the corresponding
eigenvalue, and involving a new universal constant. We show a number of probabilistic and spectral
geometric implications, and derive a Faber-Krahn type inequality for non-local operators. Our study
also extends to potentials with compact support, and we establish bounds on the location of extrema
relative to the boundary edge of the support or level sets around minima of the potential.
1. Introduction
Recently, in the paper [61] the remarkable bound
dist(x∗, ∂D) ≥ c
∥∥∥∆ϕ
ϕ
∥∥∥−1/2
L∞(D)
(1.1)
has been obtained on the distance between the location of an assumed global maximum x∗ of any
eigenfunction ϕ of the Schro¨dinger operator H = −∆+V with Dirichlet boundary condition set for
a simply connected domain D ⊂ R2, and the boundary of D. Here the potential V is bounded and
includes the eigenvalue corresponding to ϕ, and c > 0 is a constant, independent of D, ϕ and V .
The paper [8] established a similar relationship for the fractional Schro¨dinger operator (−∆)α/2+V ,
0 < α < 2, for arbitrary dimensions d ≥ 2, and pointed out some interesting corollaries.
In this paper we consider the problem of the location of extrema in a substantially amplified
context and set of goals. While we make use of an inspiring basic idea leading to (1.1), we see it
worthwhile to be developed to a far greater extent than attempted by the authors in [61], in order
to serve as the beginning of a programme of studying important aspects of local behaviour for a
whole class of equations of pure and applied interest. Specifically, our framework is the class of
non-local Schro¨dinger operators of the form
H = Ψ(-∆)+V, (1.2)
where Ψ is a so-called Bernstein function, and V is a multiplication operator called potential (for
details see Section 2). Such operators have been considered from a combined perturbation theory
and functional integration point of view in [35, 36, 41], and we will discuss some motivations below.
When Ψ is the identity function, we get back to classical Schro¨dinger operators, thus this framework
also allows comparison with other operators and related equations, and new light is shed also on
classical Laplacians with or without potentials.
Anup Biswas, Department of Mathematics, Indian Institute of Science Education and Research,
Dr. Homi Bhabha Road, Pune 411008, India, anup@iiserpune.ac.in
Jo´zsef Lo˝rinczi, Department of Mathematical Sciences, Loughborough University, Loughborough
LE11 3TU, United Kingdom, J.Lorinczi@lboro.ac.uk
2000 Mathematics Subject Classification. 35S15, 47A75, 60G51, 60J75.
Key words and phrases. Non-local Schro¨dinger operators, Bernstein functions, subordinate Brownian motion,
Dirichlet exterior value problem, principal eigenvalues and eigenfunctions, hot spots, Faber-Krahn inequality, potential
wells.
1
2 UNIVERSAL CONSTRAINTS
We will be interested in the properties of solutions of two eigenvalue problems. The first is a
non-local Dirichlet-Schro¨dinger problem for a bounded convex domain D ⊂ Rd, d ≥ 1, given by{
Hϕ = λϕ in D,
ϕ = 0 in Dc, (1.3)
in weak sense. In this case there is a countable set of eigenvalues
λD,V1 < λ
D,V
2 ≤ λD,V3 ≤ ...
of finite multiplicities each, and a corresponding orthonormal set of eigenfunctions ϕ1, ϕ2, ... ∈
Dom(H) ⊂ L2(D). When V ≡ 0, the problem reduces to the non-local Dirichlet eigenvalue
equation. In this case the spectrum is still discrete, and we use the notation λD1 , λ
D
2 , ... for the
eigenvalues.
The second problem we consider is the eigenvalue equation in L2(Rd), d ≥ 1,
Hϕ = λϕ, suppV = K, with K ⊂ Rd bounded. (1.4)
In particular, this covers potential wells of depth v > 0, when V = −v1K, which are of basic interest.
In this case appropriate conditions will be needed on V in order to have any L2-eigenfunctions.
The Dirichlet-Schro¨dinger problem can also be seen as a Schro¨dinger problem in full space, where
the potential equals V in D and infinity elsewhere.
Non-local (i.e., integro-differential) equations are gaining increasing interest recently from the
corners of both pure and applied mathematics. While PDE based on the Laplacian and related
elliptic operators proved to be ubiquitous in virtually every fundamental model of dynamics for
a long time, it is now recognized that a new range of effects is captured if one uses a class of
non-local operators, in which the classical Laplacian is just one special case. Much work has been
done recently on the well-posedness and regularity theory of such equations, see, e.g., [20, 62] and
many related references. There is also much interest due to the fact that non-local operators are
generators of Le´vy or Feller processes [16, 38], and their study is made possible by probabilistic
and potential theory methods. On the other hand, applications to mathematical physics, such as
anomalous transport [46, 58] and quantum theory [25, 37, 53], or more computationally, image
reconstruction via denoising [18, 29], to name just a few, provide a continuing incentive to the
development of these ideas and techniques.
The study of non-local Schro¨dinger equations is one aspect of this work, and some primary work
on developing a related potential theory has been done in [11, 12]. There are many possible choices
of Ψ of interest in applications. The fractional Laplacian Ψ(−∆) = (−∆)α/2, 0 < α < 2, is the most
studied of them. There is a range of exponents α used in anomalous transport theory, however,
there are many further applications, e.g., α = 1.3 describes the dynamics of particles trapped in the
vortices of a flow, α = 1.5 relates with the spatial distribution of the gravitational field generated by
a cluster of uniformly distributed stars, etc. The relativistic Laplacians Ψ(−∆) = (−∆+m2/α)α/2−
m, m > 0, are used to describe relativistic or photonic quantum effects, geometric stable operators
Ψ(−∆) = log(1 + (−∆)α/2), 0 < α ≤ 2, are more used in studying financial processes [60], and
so on. For a more detailed discussion we refer to [43]. We also note that qualitatively different
spectral and analytic behaviours of H and the related semigroup occur in function of the choice of
Ψ. For instance, for operators and related processes for which the singular integral (Le´vy jump)
kernel is polynomially or sub-exponentially decaying (e.g., fractional Laplacian), the eigenfunctions
have very different asymptotic behaviours than for exponentially or super-exponentially decaying
kernels (e.g., relativistic Laplacian), and a phase transition-like phenomenon occurs (for details see
[44, Sect. 4.4]). All this shows that these operators, in diverse aspects, massively differ from the
classical Laplacian, and also produce spectacular differences between themselves.
Explicit solutions of eigenvalue problems for non-local Schro¨dinger operators are rare. In [56]
this has been obtained for the operator (−d2/dx2)1/2 + x2, and in [27] for (−d2/dx2)1/2 + x4, both
in L2(R). A detailed study of the asymptotic behaviour at infinity of the eigenfunctions for a large
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class of non-local Schro¨dinger operators has been made in [42, 44]. Bounds, monotonicity and
continuity properties for Dirichlet eigenvalues for large classes of domains have been established
in [23, 24], approximate solutions and detailed estimates for some non-local Dirichlet problems
in intervals, half-spaces or boxes have been presented in [40, 41, 49, 50, 51]. Since an explicit
computation of the principal Dirichlet eigenvalue or eigenfunction is not available even for the
simplest cases, a study of the properties of the spectrum becomes important. Some results on
the shape of eigenfunctions or solutions were obtained in [4, 48], and [57] investigates the local
behaviour of eigenfunctions for potentials wells.
Our results in this paper contribute to a study of local properties of eigenfunctions of non-local
Schro¨dinger operators. There are several reasons why information on the location of extrema of
eigenfunctions is of interest, and we single out a few here as follows:
(i) Maximum principles: Maximum principles are fundamental tools in the study of elliptic
and parabolic linear, and semilinear problems. Using our present work and the techniques
developed here for non-local operators, we are able to derive and prove elliptic and parabolic
Aleksandrov-Bakelman-Pucci type estimates, Berestycki-Nirenberg-Varadhan type refined
maximum principles, anti-maximum principles in the sense of Cle´ment-Peletier, a maximum
principle for narrow domains, as well as Liouville theorems. This is presented in detail
elsewhere, see [9], and for the context of time-fractional evolutions [10]. We note that using
our techniques all this could be implemented in the framework of viscosity solutions.
(ii) Hot-spots: A hot-spot is a point in space where the solution of the heat equation in a
bounded domain at a given time attains its maximum, and an object of study for classical
domain Laplacians has been how they move in time when Neumann or Dirichlet boundary
conditions are imposed. For Dirichlet boundary conditions, on the long run the solution
increasingly takes the shape of the principal eigenfunction, and the hot-spot becomes its
maximizer. While there are several classical results on this challenging problem, we mention
[31], in which the problem is studied for bounded convex sets in R2, and the recent paper [17]
which obtained a lower bound on the location of the maximum of the principal Dirichlet
eigenfunction. One implication of our results is a significantly improved bound, see a
discussion in Remark 3.7 and Corollary 3.4 below.
(iii) Torsion: The torsion function is the solution of a specific Dirichlet boundary value problem,
with interest originally derived from mechanics and also having an important probabilistic
meaning. A puzzling phenomenon is that its maximizer and the maximizer of the principal
Dirichlet eigenfunction of the Laplacian are located very near to each other, though they
fail to coincide, see [7, 34] and the references therein. In our present work we also obtain a
result on this for the non-local case, for a further discussion see Remark 3.9.
(iv) Most likely location of paths: Since the principal eigenfunction of H can be chosen to be
strictly positive, by its harmonicity it can be used as a Doob h-transform to construct a
stochastic process obtained under the perturbation of V of the subordinate Brownian motion
generated by Ψ(−∆). In case of a classical Schro¨dinger operator this is a diffusion, while
for non-local cases it is a Le´vy-type jump process with, in general, unbounded coefficients.
In both cases the maximizer of the first eigenfunction gives the mode of the stationary
probability density of this process, i.e., describes the location in space which gives the
highest contribution into the distribution of paths. This is discussed in further detail in
Remark 3.4 below.
(v) An application to modelling groundwater contamination: An application of high practical
interest of anomalous transport described by non-local equations is a more realistic descrip-
tion of the spread of contaminated groundwater by taking into account non-uniformities
of a porous soil, see [45] and references therein. The maximizer(s) in this case have a rel-
evance in the localization of the highest-concentration points of the plume. Also, in this
context the study of inverse problems become important in order to control the level sets
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and maxima of the plume. Using our techniques we have been able to discuss an inverse
source problem in [10, Th. 3.6], which is just the beginning of a series of investigations of
a practical relevance.
To conclude, we outline the main results and highlight some technical achievements in this paper,
apart from what we discussed above.
(1) Our key results are stated in Theorems 3.1-3.2, and we will study their multiple implications
involving an interplay of probabilistic and spectral geometric aspects. Our results reproduce
(1.1) as a specific case, however, apart from a far more general framework our work here
goes well beyond [61] on several counts. One is that our expressions feature the symbol
of the kinetic part of the operator. This allows us to understand what is behind the
formulae involving a lower bound on the position of extrema, and it will turn out from the
probabilistic representation that it results from a balance of two survival times of paths
of the related random process running in the domain (Remark 3.4). This points to an
underlying mechanism fundamentally involving the competition of energy versus entropy
effects, and offers a very different perspective. A second point how we reach a different
level of discussion is that we allow a large class of potentials, including local singularities,
and do not limit ourselves to bounded potentials. This has not been attempted in [61],
and controlling such a possibly very “rugged” potential landscape is not a straightforward
step from bounded potentials. We also note that our combined analytic and probabilistic
techniques developed here allow to cover general convex domains (see Theorem 3.1 and
Remark 3.1), removing boundary regularity problems often encountered when using purely
analytic means. This will also be helpful when considering maximum principles in [9].
(2) Apart from bounded domains we also consider potentials with compact support in full space
R
d, and derive predictions on the location of extrema relative to the edge of their supports
or from neighbourhoods (e.g., level sets) of the minima of the potential, see Section 4 and
specifically the key Theorems 4.2 and 4.5 below. There is very little information on this even
for the classical and, as far as we are aware, nothing for non-local Schro¨dinger operators.
We also note that this problem has not been addressed in [61]. As consequences, we observe
some interesting behaviours dependent on whether the potential is attracting or repelling
(Theorem 4.4).
(3) As it will be seen in what follows, the localization of the extrema of Dirichlet-Schro¨dinger
eigenfunctions is, roughly speaking, an isoperimetric-type property, determined by under-
lying geometric principles. In Corollary 3.5 we obtain a new Faber-Krahn type inequality
for non-local Schro¨dinger operators as a direct consequence of the estimates on the location
of extrema.
(4) We also obtain a variety of geometric and probabilistic bounds on the eigenvalues in the
spirit of the discussions in [3, 5] and references therein. In particular, we derive a lower
estimate on all moments of exit times of subordinate Brownian motion from convex domains,
and further relations on eigenvalues (Corollaries 3.2 and 3.3).
The remainder of this paper is organized as follows. In Section 2 we discuss some properties
of Bernstein functions Ψ on which we rely throughout below when using the operators Ψ(−∆)
and related subordinate Brownian motions. In Section 3 first we establish some basic facts on the
Dirichlet-Schro¨dinger eigenvalue problem, which do not seem to be available in the literature. Next
we state and prove our main results in Theorems 3.1-3.2, and then discuss a number of consequences
and implications in corollaries and a string of remarks. Section 4 is devoted to operators having
potentials with compact support.
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2. Bernstein functions of the Laplacian and subordinate Brownian motions
Now we turn to describe the above objects formally. Denote
H0 = Ψ(-∆), (2.1)
where Ψ is a Bernstein function given below. This operator can be defined via functional calculus
by using the spectral decomposition of the Laplacian. It is a pseudo-differential operator whose
symbol is given by the Fourier multiplier
Ĥ0f(y) = Ψ(|y|2)f̂(y), y ∈ Rd, f ∈ Dom(H0),
with domain Dom(H0) =
{
f ∈ L2(Rd) : Ψ(| · |2)f̂ ∈ L2(Rd)}. It follows by general arguments that
H0 is a positive, self-adjoint operator with core C
∞
c (R
d), for details see [36, 64].
Recall that a Bernstein function is a non-negative completely monotone function, i.e., an element
of the set
B =
{
f ∈ C∞((0,∞)) : f ≥ 0 and (−1)n d
nf
dxn
≤ 0, for all n ∈ N
}
.
In particular, Bernstein functions are increasing and concave. We will make use below of the subset
B0 =
{
f ∈ B : lim
u↓0
f(u) = 0
}
.
Let M be the set of Borel measures µ on R \ {0} with the property that
µ((−∞, 0)) = 0 and
∫
R\{0}
(y ∧ 1)µ(dy) <∞.
Notice that, in particular,
∫
R\{0}(y
2 ∧ 1)µ(dy) < ∞ holds, thus µ is a Le´vy measure supported
on the positive semi-axis. It is well-known then that every Bernstein function Ψ ∈ B0 can be
represented in the form
Ψ(u) = bu+
∫
(0,∞)
(1− e−yu)µ(dy) (2.2)
with b ≥ 0, moreover, the map [0,∞)×M ∋ (b, µ) 7→ Ψ ∈ B0 is bijective. Ψ is said to be a complete
Bernstein function if there exists a Bernstein function Ψ˜ such that
Ψ(u) = u2L(Ψ˜)(u), u > 0 ,
where L stands for Laplace transform. It is known that every complete Bernstein function is
also a Bernstein function. Also, for a complete Bernstein function the Le´vy measure µ(dy) has
a completely monotone density with respect to the Lebesgue measure. The class of complete
Bernstein functions is large, including important cases such as
(i) Ψ(u) = uα/2, α ∈ (0, 2]
(ii) Ψ(u) = (u+m2/α)α/2 −m, m ≥ 0, α ∈ (0, 2)
(iii) Ψ(u) = uα/2 + uβ/2, 0 < β < α ∈ (0, 2]
(iv) Ψ(u) = log(1 + uα/2), α ∈ (0, 2]
(v) Ψ(u) = uα/2(log(1 + u))β/2, α ∈ (0, 2), β ∈ (0, 2 − α)
(vi) Ψ(u) = uα/2(log(1 + u))−β/2, α ∈ (0, 2], β ∈ [0, α).
On the other hand, the Bernstein function Ψ(u) = 1 − e−u is not a complete Bernstein function.
For a detailed discussion we refer to the monograph [64].
Bernstein functions are closely related to subordinators, and we will use this relationship below.
Recall that a one-dimensional Le´vy process (St)t≥0 on a probability space (ΩS ,FS ,PS) is called
a subordinator whenever it satisfies Ss ≤ St for s ≤ t, PS-almost surely. A basic fact is that the
Laplace transform of a subordinator is given by a Bernstein function, i.e.,
L(St)(u) = EPS [e−uSt ] = e−tΨ(u), t ≥ 0, (2.3)
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holds, where Ψ ∈ B0. In particular, there is a bijection between the set of subordinators on a given
probability space and Bernstein functions with vanishing right limits at zero; to emphasize this,
we will occasionally write (SΨt )t≥0 for the unique subordinator associated with Bernstein function
Ψ. Corresponding to the examples above, the related processes are (i) α/2-stable subordinator, (ii)
relativistic α/2-stable subordinator, (iii) sums of independent subordinators of different indeces,
(iv) geometric α/2-stable subordinators (specifically, the Gamma-subordinator for α = 2), etc. The
non-complete Bernstein function mentioned above describes the Poisson subordinator.
Let (Bt)t≥0 be R
d-valued a Brownian motion on Wiener space (ΩW ,FW ,PW ), running twice as
fast as standard d-dimensional Brownian motion, and let (SΨt )t≥0 be an independent subordinator.
The random process
ΩW × ΩS ∋ (ω,̟) 7→ BSt(̟)(ω) ∈ Rd
is called subordinate Brownian motion under (SΨt )t≥0. For simplicity, we will denote a subordinate
Brownian motion by (Xt)t≥0, its probability measure for the process starting at x ∈ Rd by Px, and
expectation with respect to this measure by Ex. Every subordinate Brownian motion is a Le´vy
process, with infinitesimal generator H0 = Ψ(-∆). Subordination then gives the expression
P(Xt ∈ E) =
∫ ∞
0
PW (Bs ∈ E)PS(St ∈ ds), (2.4)
for every measurable set E.
Our main concern in what follows are some properties in the bulk of functions satisfying the
eigenvalue equations (1.3-1.4) in weak sense. Specifically, we will focus on the location of extrema of
eigenfunctions by using a stochastic representation of the solutions, featuring subordinate Brownian
motion.
3. Constraints on the location of extrema
3.1. The Dirichlet-Schro¨dinger problem
In this section we assume D ⊂ Rd to be a bounded open set. Consider a complete Bernstein
function Ψ and the operator H0 = Ψ(−∆) on L2(Rd). The Dirichlet eigenvalue problem (1.3) for
V ≡ 0 has been studied in various papers, including [23, 24, 41, 50, 51]. In particular, the following
holds; for details we refer to [41] and [28]. Consider the space C∞c (D), and define the operator
HD0 given by the Friedrichs extension of H0|C∞c (D). It can be shown that the form-domain of HD0
contains those functions that are in the form-domain of H0 and are almost surely zero outside of
D. Furthermore, the operator −HD0 generates the strongly continuous operator semigroup
TDt = e
−tHD0 , t ≥ 0.
Each operator TDt is a contraction on L
p(D), for every p ≥ 1, including p = ∞. When Ψ is
unbounded, TDt is a contraction also on C0(D). If e−tΨ(|x|
2) ∈ L1(D) for t > 0, then each TDt is a
Hilbert-Schmidt operator, in particular, they are compact. Hence, by general theory, the equation
TDt ϕ = e
−λtϕ, t > 0,
is solved by a countable set of eigenvalues λD1 < λ
D
2 ≤ λD3 ≤ · · · → ∞, of finite multiplicity each,
corresponding to an orthonormal set of eigenfunctions ϕD1 , ϕ
D
2 , ... ∈ L2(D). The principal eigenvalue
λD1 has multiplicity one, and the principal eigenfunction ϕ
D
1 has a strictly positive version, which
we will adopt throughout. Moreover, due to strong continuity of the semigroup, the spectrum is
independent of t > 0, in particular, since −HD0 is the infinitesimal generator of {TDt : t ≥ 0}, the
same eigenvalues and eigenfunctions also solve (1.3) for V ≡ 0. It is also known that {TDt : t ≥ 0}
is the Markov semigroup of killed subordinate Brownian motion, i.e., we have
TDt f(x) = E
x[f(Xt)1{τD>t}], x ∈ D, t > 0, f ∈ L2(D), (3.1)
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where
τD = inf{t > 0 : Xt 6∈ D} (3.2)
is the first exit time of (Xt)t≥0 from D.
In contrast to the pure Dirichlet problem, the Dirichlet-Schro¨dinger problem (1.3) with V 6≡ 0 has
been much less studied and the counterparts of the above facts do not seem to be readily available
in the literature. Let V ∈ L∞(Rd) and consider H = Ψ(−∆) + V . This operator is bounded from
below, and self-adjoint on the dense domain Dom(Ψ(−∆)) ⊂ L2(Rd), with core C∞c (Rd). For a
bounded open set D ⊂ Rd we define the non-local Schro¨dinger operator HD,V as the Friedrichs
extension of H|C∞c (D). Also, define
TD,Vt f(x) = E
x[e−
∫ t
0 V (Xs)dsf(Xt)1{τD>t}], x ∈ D, t > 0, f ∈ L2(D). (3.3)
We denote Lp norm on D by ‖·‖p,D, whereas ‖·‖p denotes the Lp norm on Rd. We show the following
properties.
Lemma 3.1. Consider the operators HD,V and TD,Vt , t > 0, and let (S
Ψ
t )t≥0 be the subordinator
corresponding to the Bernstein function Ψ ∈ B0. Suppose that Ψ satisfies the Hartman-Wintner
condition
lim
|u|→∞
Ψ(|u|2)
log|u| =∞. (3.4)
The following hold:
(i) Every TD,Vt is an integral operator and we have the representation
TD,Vt f(x) =
∫
D
E
0
PS
[
pSΨt
(x− y)Ex,y
0,SΨt
[e
−
∫ t
0
V (B
SΨs
)ds
]1{τD>t}
]
f(y)dy (3.5)
=
∫
D
TD,V (t, x, y)f(y)dy, x ∈ D, t ≥ 0, f ∈ L2(D),
where pt(x) = (4πt)
−d/2e−
|x|2
4t , and E
x,y
0,SΨt
denotes expectation with respect to the Brown-
ian bridge measure from x at time 0 to y at time s, evaluated at random time s = SΨt .
Furthermore, for every t > 0, we have TD,V (t, x, y) = TD,V (t, y, x) for all x, y ∈ Rd.
(ii) {TD,Vt : t ≥ 0} is a strongly continuous semigroup on Lp(D), p ≥ 1, with infinitesimal
generator −HD,V .
(iii) Every TD,Vt is a Hilbert-Schmidt operator on L
2(D), for all t > 0.
(iv) The map (0,∞) ×D ×D ∋ (t, x, y) 7→ TD,V (t, x, y) ∈ R is continuous.
(v) If D is a bounded domain with outer cone property, then for every f ∈ L∞(D) we have that
TD,Vt f continuous in D¯ with value 0 on the boundary, for every t > 0.
Proof. (i) (3.5) follows from a standard conditioning argument, see [35, Lem. 3.4]. We define
TD,V (t, x, y) = E0PS
[
pSΨt (x− y)E
x,y
0,SΨt
[
e
−
∫ t
0
V (B
SΨs
)ds
1{τD>t}
]]
,
and show that
TD,V (t, x, y) = TD,V (t, y, x), for t > 0 . (3.6)
Consider the Brownian bridge on the interval [0, SΨt ] starting with x and ending at y given by
Zx,ys = (1−
s
SΨt
)x+
s
SΨt
y +Bs − s
SΨt
BSΨt
,
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where (Bt)t≥0 is the Brownian motion running twice as fast as the standard Brownian motion,
independent of the subordinator (SΨt )t≥0. A change of variable gives∫ t
0
V (Zx,y
SΨs
) ds =
∫ t
0
V (Zx,y
SΨt−s
) ds ,
and we also have
Zx,y
SΨs
∈ D, ∀ s ∈ [0, t] ⇐⇒ Zx,y
SΨt−s
∈ D, ∀ s ∈ [0, t].
Therefore to show (3.6) we only need to show that(
Zx,y
SΨt−·
∣∣∣
[0,t]
, SΨt
)
d
=
(
Zy,x
SΨ·
∣∣∣
[0,t]
, SΨt
)
. (3.7)
This can be shown by using the fact that for any Le´vy process (Lt)t≥0 starting at zero we have
(Lt−·, Lt)
d
= (Lt − L·, Lt) . (3.8)
First we show (3.7) using (3.8). Since the Brownian motion is independent of (SΨt )t≥0, we get the
following equalities in distribution
Zx,y
SΨt−·
d
= (1− S
Ψ
t − SΨ·
SΨt
)x+
SΨt − SΨ·
SΨt
y +BSΨt −SΨ· −
SΨt − SΨ·
SΨt
BSΨt
d
=
SΨ·
SΨt
x+ (1− S
Ψ
·
SΨt
)y −BSΨ· +
SΨ·
SΨt
BSΨt
d
=
SΨ·
SΨt
x+ (1− S
Ψ
·
SΨt
)y +BSΨ· −
SΨ·
SΨt
BSΨt = Z
y,x
SΨ·
.
This proves (3.7). Next we come to (3.8). It suffices to show that the finite dimensional distributions
coincide. Consider t > s1 > s2 > · · · > sk ≥ 0 and ξi ∈ R for i = 1, . . . , k + 1. Then it is seen that
ξ1Lt−s1 + . . .+ ξkLt−sk + ξk+1Lt
=
∑
i≥1
ξiLt−s1 +
k+1∑
i≥2
ξi(Lt−s2 − Lt−s1) + · · ·+ (ξk + ξk+1)(Lt−sk − Lt−sk−1) + ξk+1(Lt − Lt−sk)
and
ξ1(Lt − Ls1) + . . .+ ξk(Lt − Lsk) + ξk+1Lt
=
∑
i≥1
ξi(Lt − Ls1) +
k+1∑
i≥2
ξi(Ls1 − Ls2) + · · · + (ξk + ξk+1)(Lsk+1 − Lsk) + ξk+1Lsk .
On the other hand,(
Lt−s1 , Lt−s2 − Lt−s1 , · · · , Lt − Lt−sk
)
d
=
(
Lt − Ls1 , Ls1 − Ls2 , · · · , Lsk
)
.
Thus (Lt−s1 , · · · , Lt−sk , Lt) has the same characteristic function as (Lt − Ls1 , · · · , Lt − Lsk , Lt),
implying (3.8).
(ii) We establish the Chapman-Kolmogorov relation
TD,V (t+ s, x, y) =
∫
D
TD,V (t, x, u)TD,V (s, u, y) du, t, s > 0, x, y ∈ Rd . (3.9)
Denote
Ξ(r, z, y) = Ez,y
0,SΨr
[
e−
∫ r
0 V (Zu) du1{τD>r}
]
,
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where (Zt)t≥0 denotes the Brownian bridge as defined above. Let (S˜
Ψ
t )t≥0 be a subordinator given
by Bernstein function Ψ, independent of SΨ, B, Z. Then we have
E
0
PS
[
pSΨt+s
(x− y)Ex,y
0,SΨt+s
[
e
−
∫ t+s
0
V (Z
SΨu
)du
1{τD>t+s}
]]
= E0PS
[
pSΨt+s
(x− y)Ex,y
0,SΨt+s
[
1{τD>t}e
−
∫ t
0 V (ZSΨu
)du
E
Z
SΨt
,y
0,SΨt+s−S
Ψ
t
[
e
−
∫ s
0
V (Z
SΨu+t−SΨt
)du
1{τD>s}
]]]
= E0PS
[
p
SΨt +S˜
Ψ
s
(x− y)Ex,y
0,SΨt +S˜
Ψ
s
[
1{τD>t}e
−
∫ t
0 V (ZSΨu
)du
E
Z
SΨt
,y
0,S˜Ψs
[
e
−
∫ s
0 V (ZS˜Ψu
)du
1{τD>s}
]]]
= E0PS
[
pSΨt +S˜Ψs
(x− y)Ex,y
0,SΨt +S˜
Ψ
s
[
1{τD>t}e
−
∫ t
0
V (Z
SΨu
)du
Ξ(S˜Ψs , ZSΨt , y)
]]
= E0PS
[
p
SΨt +S˜
Ψ
s
(x− y)ExPW
[
1{τD>t}e
−
∫ t
0
V (B
SΨu
)du
Ξ(S˜Ψs , BSΨt
, y)p
S˜Ψs
(BSΨt
− y) 1
pSΨt +S˜Ψs
(x− y)
]]
= E0PS
[
E
x
PW
[
1{τD>t}e
−
∫ t
0 V (BSΨu
)du
Ξ(S˜Ψs , BSΨt , y)pS˜Ψs
(BSΨt − y)
]]
= E0PS
[
E
x
PW
[
1{τD>t}e
−
∫ t
0
V (B
SΨu
)du
TD,V (s,Xt, y)
]]
=
∫
D
TD,V (t, x, u)TD,V (s, u, y) du,
where the first equality follows from the Markov property of Brownian bridge, in the fourth line
we used [65, Prop. A.1], and the sixth line follows by taking expectation with respect to (S˜Ψt )t≥0.
Strong continuity follows along the line of [65, Prop. 3.3].
(iii) The symmetry of TD,V (t, x, y) implies that TD,Vt is a self-adjoint operator on L
2(D). Let
qt(x, y) be the transition density of (Xt)t≥0. Then the Hartman-Wintner condition (3.4) implies
that for every t > 0, qt(·) is bounded and continuous [33, 47] and therefore, qt(x, ·) ∈ L2(Rd).
Indeed, for t > 0,
q2t(x, x) =
∫
Rd
qt(x− y)qt(y − x) dy =
∫
Rd
q2t (x− y)dy <∞.
The transition density for the process (Xt)t≥0 killed upon the first exit from D is given by Hunt’s
formula
qDt (x, y) = qt(x, y)− Ex
[
qt−τD(XτD , y)1{t>τD}
]
t > 0, x, y ∈ Rd .
In particular, qDt (x, y) ≤ qt(x, y) . Since V is bounded, we obtain
|TD,Vt f(x)| ≤ et‖V ‖∞
∫
D
|f(y)|qDt (x, y)dy ≤ et‖V ‖∞‖f‖2,D ‖qt(x, ·)‖2 .
Note that ‖qt(x, ·)‖2 does not depend on x. Therefore∫
D×D
(TD,V (t, x, y))2 dy dx ≤ Ct,
with a constant Ct > 0, implying that T
D,V
t is a Hilbert-Schmidt operator.
(iv) We claim that for every t > 0 and y ∈ D,
x 7→ TD,V (t, x, y) is continuous in D. (3.10)
To show (3.10), write
TD,Vε (t, x, y) = E
0
PS
[∫
Rd
pSΨε (x− z)pS˜Ψt−ε(z − y)Ξ(t− ε, z, y)
]
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= E0PS
[∫
D
pSΨε (x− z)pS˜Ψt−ε(z − y)Ξ(t− ε, z, y)
]
= E0PS
[∫
Rd
p
SΨε +S˜
Ψ
t−ε
(x− y)Ex,y
[
e−
∫ t
ε V (Zu) du1{τD◦σε>t−ε}
]]
= E0PS
[∫
Rd
pSΨt (x− y)E
x,y
[
e−
∫ t
ε
V (Zu) du1{τD◦σε>t−ε}
]]
,
where σε denotes the ε-shift operator, and the third line above follows from [65, Cor. A.2]. It is
straightforward to see that (3.10) holds for TD,Vε . On the other hand, T
D,V
ε (t, ·, y) converges to
TD,V (t, ·, y) as ε → 0, uniformly on the compact subsets of D, see for example, [65, eq. (3.21)].
This proves (3.10). The proof of (iv) can be completed employing a similar argument as in [65,
Prop. 3.5] combining (3.9), (3.10) and (ii).
Finally we prove (v). Denote f˜(t, x) = TD,Vt f(x). In view of (iv) it is enough to show that for
xn → z ∈ ∂D we have
lim
n→∞
|f˜(t, xn)| = 0. (3.11)
Since f and V are bounded, we obtain from (3.3) that
|f˜(t, xn)| ≤ e‖V ‖∞t‖f‖∞ Pxn(τD > t).
Since z ∈ D is regular, see the proof of [15, Lem. 2.9], we have
lim
xn→z
P
xn(τD > t) = 0.
By combining the above two equalities (3.11) follows. 
Remark 3.1. We note that Lemma 3.1 can be obtained also for Ψ-Kato class potentials, which
may have local singularities (see below). Also, further (such as contractivity, positivity improving
etc) properties of {TD,Vt : t ≥ 0} can be shown, which is left to the reader. The lemma can
further be extended for other non-local Schro¨dinger operators, involving more general isotropic
Le´vy processes.
From Lemma 3.1 it then follows that the Dirichlet-Schro¨dinger eigenvalue equation (1.3) is solved
by a countable set of eigenvalues λD,V1 < λ
D,V
2 ≤ λD,V3 ≤ · · · → ∞ and a corresponding orthonormal
set of L2(D)-eigenfunctions, such that the principal eigenvalue is simple and the corresponding
principal eigenfunction has a strictly positive version.
3.2. The location of extrema
In the remaining part of this article we shall assume that D is a bounded, convex set. In the
following we will use a class of potentials, which are general enough to contain many interesting
cases (such as Coulomb-type potentials), while being naturally suitable for defining Feynman-Kac
semigroups. Consider the set of functions
K
Ψ =
{
f : R→ Rd : f is Borel measurable and lim
t↓0
sup
x∈Rd
E
x
[ ∫ t
0
|f(Xs)|ds
]
= 0
}
. (3.12)
We say that the potential V : Rd → R belongs to Ψ-Kato class whenever it satisfies
V− ∈ KΨ and V+ ∈ KΨloc, with V+ = max{V, 0}, V− = min{V, 0},
where V+ ∈ KΨloc means that V+1C ∈ KΨ for all compact sets C ⊂ Rd, and (Xt)t≥0 is the Le´vy process
generated by Ψ(−∆). It is direct to see that L∞loc(Rd) ⊂ KΨloc, moreover, by stochastic continuity
of (Xt)t≥0 also K
Ψ
loc ⊂ L1loc(Rd). By standard arguments based on Khasminskii’s Lemma, for a
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Ψ-Kato class potential V it follows that there exist suitable constants C1(Ψ, V ), C2(Ψ, V ) > 0 such
that
sup
x∈Rd
E
x
[
e−
∫ t
0 V (Xs)ds
]
≤ sup
x∈Rd
E
x
[
e
∫ t
0 V−(Xs)ds
]
≤ C1eC2t, t > 0. (3.13)
For further details we refer to [36, Sect. 4] and [55].
For Bernstein functions we will use the following property repeatedly below, which has been
introduced in [14].
Assumption 3.1. The function is said to satisfy a weak local scaling (WLSC) property with
parameters µ > 0 and c ∈ (0, 1], if
Ψ(γu) ≥ c γµΨ(u), u > 0, γ ≥ 1.
We will show some typical examples of Bernstein functions satisfying Assumption 3.1 further below
in this section.
Now we present two expressions of the main result of this section. The first uses Ψ-Kato class
potentials V and a restricted class of Ψ, the second uses a more general class of Bernstein functions
Ψ and bounded potentials.
Theorem 3.1. Let Ψ ∈ B0 satisfy Assumption 3.1 with µ > 0 and c ∈ (0, 1]. Let V ∈ KΨ be a
Ψ-Kato class potential, with V − ∈ Lp(Rd), p > d2µ . Also, let ϕ be a non-zero solution of (1.3) at
eigenvalue λV,D. Assume that |ϕ| attains a global maximum at x∗ ∈ D, and denote r = dist(x∗, ∂D)
and η = 1 − d2µp . Then there exists a constant Θ1 > 0, dependent on d, µ, c, η, inradD, and a
constant Θ2 > 0, dependent on η only, such that
Θ1‖V −‖1/ηp − inf
D
V + + λV,D ≥ Θ2Ψ(r−2) . (3.14)
The proof of Theorem 3.1 is simpler if the potential V is bounded. Moreover, one can allow
a larger class of Ψ, not necessarily satisfying WLSC, and the dependence of Θ1 on the domain
parameters can be waived when V ∈ L∞(D). This is obtained in the following theorem.
Theorem 3.2. Let Ψ ∈ B0, V ∈ L∞(Rd), and ϕ be a non-zero solution of (1.3) at eigenvalue
λV,D. Assume that |ϕ| attains a global maximum at x∗ ∈ D, and denote r = dist(x∗, ∂D). Then
there exists a universal constant θ > 0, independent of D, x∗, V , Ψ and the dimension d, such that
‖V −‖∞,D − inf
D
V + + λV,D ≥ θΨ(r−2), (3.15)
with
θ = −min
κ>1
1
κ
log
(
1− F (−1)(1 − e1−κ)) ≈ 0.0833, (3.16)
where F is the probability distribution function of a Gaussian random variable N(0, 2). In partic-
ular, if Ψ is strictly increasing, then
dist(x∗, ∂D) ≥ 1√
Ψ−1
(
‖V −‖∞,D−infD V ++λV,D
θ
) . (3.17)
Next we turn to proving these theorems. For technical reasons we start by showing first the
latter theorem.
Proof of Theorem 3.2. Let τD be the first exit time of (Xt)t≥0 from D, as defined in (3.2). Using
the eigenvalue equation and the representation (3.3), we have that
|ϕ(x∗)| ≤ eλV,D tEx∗ [e−
∫ t
0 V (Xs)ds|ϕ(Xt)|1{t<τD}] ≤ |ϕ(x∗)|eλ
V,Dte(‖V
−‖∞,D−infD V +)t Px
∗
(τD > t),
that is,
et (‖V
−‖∞,D−infD V ++λV,D) Px
∗
(τD > t) ≥ 1 , t ≥ 0. (3.18)
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We choose
t =
κ
Ψ(r−2)
(3.19)
with a suitable κ, which will be justified below, and show that for this t we have
P
x∗(τD > t) < δ < 1, (3.20)
where δ does not depend on x∗, D.
Let z ∈ ∂D be such that dist(x∗, z) = r, and consider the half-space H ⊂ Dc intersecting D at
z. Note that this is made possible by the convexity of D, and
P
x∗(τD ≤ t) ≥ Px∗(Xt ∈ H)
holds. We assume with no loss of generality that H is perpendicular to the x-axis, x∗ = 0 and
z = (r, 0, . . . , 0). This is possible, since we can inscribe a ball of radius r in D¯ centered at x∗ and
H would be a tangent plane to it at the point z. Therefore, we have for s ≥ r2 that
P
x∗
W (Bs ∈ H) = P0W (B1s ≥ r) =
1√
4π
∫ ∞
r√
s
e−
y2
4 dy ≥ 1√
4π
∫ ∞
1
e−
y2
4 dy = F (−1) , (3.21)
where (B1t )t≥0 denotes a one-dimensional Brownian motion running twice as fast as standard Brow-
nian motion, and F is the probability distribution function of a Gaussian random variable with
mean 0 and variance 2. Using the subordination formula (2.4) and the uniform estimate (3.21), we
have
P
x∗(Xt ∈ H) =
∫ ∞
0
P
x∗
W (Bs ∈ H)PS(SΨt ∈ ds)
≥
∫ ∞
r2
P
x∗
W (Bs ∈ H)PS(SΨt ∈ ds) ≥ F (−1)PS(SΨt ≥ r2).
By (2.3) and (3.19) we have
PS(S
Ψ
t ≤ r2) = PS(e−r
−2SΨt ≥ e−1) ≤ e EPS [e−r
−2SΨt ] = e1−tΨ(r
−2) = e1−κ.
Hence with κ > 1 we obtain PS(S
Ψ
t ≤ r2) < 1, and thus (3.20) holds with δ = 1−F (−1)(1− e1−κ),
independently on r. This then implies (3.15) with constant prefactor
θκ = −1
κ
log
(
1− F (−1)(1 − e1−κ)) ,
which on optimizing over κ gives the constant (3.16). 
Proof of Theorem 3.1. The key estimate for the proof is the following improvement of (3.13): for
any κ1 > 0 there exists a constant C1 > 0, dependent on κ1, d, µ, c, satisfying for t ∈ [0, κ1] and
ϑ > 0
sup
x∈Rd
E
x
[
e
∫ t
0 ϑV
−(Xs) ds
]
≤ mηe
(
C1ϑ‖V −‖pΓ(η)
)1/η
t , (3.22)
where η = 1− d2µp and mη depends only on η. First we complete the proof of the theorem assuming
(3.22).
Choose κ1 =
2
Ψ([inradD]−2) . Suppose that r = dist(x
∗,D) and let t = 2
Ψ(r−2) ≤ κ1. Then using
(3.3) and Ho¨lder inequality, we obtain for ϑ ≥ 1 that
1 ≤ et (λV,D−infD V +) Ex∗
[
e
∫ t
0 ϑV
−(Xs) ds
]1/ϑ (
P
x∗(τD > t)
)ϑ−1
ϑ
. (3.23)
Hence from (3.20), (3.22) and (3.23) we see that
1 ≤ δ ϑ−1ϑ (mη)1/ϑ exp
(
t
[
λV,D − inf
D
V + +
1
ϑ
(C1ϑ‖V −‖pΓ(η)
)1/η])
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= δ
(mη
δ
)1/ϑ
exp
(
t
[
λV,D − inf
D
V + +
1
ϑ
(C1ϑ‖V −‖pΓ(η)
)1/η])
.
Since δ < 1 and limϑ→∞
(mη
δ
)1/ϑ
= 1, we can choose ϑ large enough such that
δ1 = δ
(mη
δ
)1/ϑ
< 1.
Thus we obtain
log
1
δ1
≤ t
(
λV,D − inf
D
V + +
1
ϑ
(C1ϑ‖V −‖pΓ(η)
)1/η)
,
implying (
1
2
log
1
δ1
)
Ψ(r−2) ≤ λV,D − inf
D
V + +
1
ϑ
(C1ϑ‖V −‖pΓ(η)
)1/η
.
This gives (3.14) for
Θ1 =
1
ϑ
(C1ϑΓ(η)
)1/η
and Θ2 =
1
2
log
1
δ1
.
Now we proceed to establish (3.22). Since Ψ has the WLSC property, the characteristic exponent
Φ(r) = Ψ(r2) also has the WLSC property, namely
Φ(γu) ≥ c γ2µΦ(u), for all u > 0 and γ ≥ 1.
Thus by [14, Prop. 19] there exists a constant K1, dependent on d, µ, c, satisfying
qt(x, y) = qt(|x− y|) ≤ K1
(
Φ−1
(
1
t
))d
, ∀ t > 0 . (3.24)
Here qt(x, y) denotes the transition density function of (Xt)t≥0. On the other hand, from the WLSC
property of Φ it follows that
Φ−1(λ) ≤ λ 12µ u
Φ(u)
1
2µ
for all λ ≥ Φ(u), u > 0.
Choose ν > 0 and denote ν1 =
ν
(Φ(ν))
1
2µ
. Then for s ≥ Φ(ν) we obtain
Φ−1(s) ≤ ν1 s−2µ. (3.25)
Hence, using the above estimate in (3.24) we get that
qt(x, y) ≤ K2 t−
d
2µ , t ≤ 1
Ψ(ν2)
, (3.26)
where K2 depends on d, µ and ν1. Let κ1 be positive and choose ν =
√
Ψ−1( 1κ1 ). With this choice
of ν we have from (3.26) that
qt(x, y) ≤ K2 t−
d
2µ , t ≤ κ1. (3.27)
For every t ∈ (0, κ1] and f ∈ Lp(Rd) we have
E
x [f(Xt)] ≤ ‖f‖p
[∫
Rd
(qt(|x− y|))p′ dy
]1/p′
≤ K1/p2 ‖f‖pt−
d
2µp
[∫
Rd
qt(|x− y|) dy
]1/p′
= K3‖f‖pt−
d
2µp ,
where p′ = pp−1 , K3 = K
1/p
2 , and in the second line above we used (3.27). Let now 0 ≤ s1 ≤ . . . ≤ sk,
k ∈ N. Using the Markov property of (Xt)t≥0 with respect to its natural filtration (Ft)t≥0, for f ≥ 0
we obtain
E
x[f(Xs1) · · · f(Xsk)] = Ex[f(Xs1) · · · f(Xsk−1)Ex[f(Xsk) | Fsk−1 ]]
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= Ex[f(Xs1) · · · f(Xsk−1)EXsk [f(Xsk−sk−1)]
≤ K3‖f‖p(sk − sk−1)−
d
2µpE
x[f(Xs1) · · · f(Xsk−1)]
≤ . . . ≤ (K3‖f‖p)ks
− d
2µp
1 (s2 − s1)−
d
2µp · · · (sk − sk−1)−
d
2µp .
Hence (compare [55, Lem. 4.51] in the second edition)
E
x
[
1
k!
(∫ t
0
f(Xs) ds
)k]
≤
∫ t
0
ds1
∫ t
s1
ds2...
∫ t
sk
dsk E
x[f(Xs1)f(Xs2)...f(Xsk)]
≤ Kk3 ‖f‖kp
∫ t
0
ds1
∫ t
s1
ds2...
∫ t
sk
dsk s
− d
2µp
1 (s2 − s1)−
d
2µp · · · (sk − sk−1)−
d
2µp
=
(K3‖f‖ptηΓ(η))k
Γ(1 + kη)
, t ≤ κ1,
where η = 1− d2µp > 0, by our choice of p. Recall the Mittag-Leffler function
Mβ(x) =
∞∑
k=0
xk
Γ(1 + βk)
(see [30] for definitions and properties). We find by the above that for t ∈ [0, κ1],
sup
x∈Rd
E
x
[
e
∫ t
0 f(Xs) ds
]
≤Mη(K3‖f‖ptηΓ(η)). (3.28)
It is also known that for some constant mη, dependent only on η,
Mη(x) ≤ mηex
1/η
, x ≥ 0,
holds. Thus, using (3.28) we have for t ≤ κ1 that
sup
x∈Rd
E
x
[
e
∫ t
0 f(Xs) ds
]
≤ mηe(K3‖f‖pΓ(η))
1
η t. (3.29)
Putting f = ϑV − in (3.29), we obtain (3.22). 
The dependence of Θ1 on inradD is due to the factor
ν1 =
ν
(Φ(ν))
1
2µ
,
which appears in (3.25). For Ψ(u) = uα/2, however, ν1 does not depend on ν. Thus we have the
following improvement to Theorem 3.1.
Corollary 3.1. Suppose that Ψ(u) = uα/2. Moreover, assume that V is a Ψ-Kato class function
with V − ∈ Lp(Rd), p > dα . Let ϕ be a non-zero solution of (1.3) at eigenvalue λV,D. Assume
that |ϕ| attains a global maximum at x∗ ∈ D, and denote r = dist(x∗, ∂D). Then there exist Θ1,
dependent on d, α, c, η, and Θ2, dependent on η, where η = 1− dαp , such that
Θ1‖V −‖1/ηp − inf
D
V + + λV,D ≥ Θ2Ψ(r−2)
holds.
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Remark 3.2. For classical Schro¨dinger operators we have Ψ(u) = u, for which Theorem 3.2
implies (1.1), possibly with a different constant c. Also, for fractional Schro¨dinger operators we
have Ψ(u) = uα/2, which reproduces the result obtained in [8]. Formulae (3.15)-(3.17) equally apply
for V ≡ 0, in which case the statement refers to the Dirichlet eigenfunctions and eigenvalues.
Example 3.1. Some important examples of Ψ satisfying Assumption 3.1 include:
(i) Ψ(u) = uα/2, α ∈ (0, 2], with µ = α2 .
(ii) Ψ(u) = (u+m2/α)α/2 −m, m > 0, α ∈ (0, 2), with µ = α2 .
(iii) Ψ(u) = uα/2 + uβ/2, α, β ∈ (0, 2], with µ = α2 ∧ β2 .
(iv) Ψ(u) = uα/2(log(1 + u))β/2, α ∈ (0, 2), β ∈ (0, 2 − α), with µ = α2 .
(v) Ψ(u) = uα/2(log(1 + u))−β/2, α ∈ (0, 2], β ∈ [0, α) with µ = α−β2 . (Since for γ ≥ 1, u > 0,
(1 + u)γ ≥ (1 + γu) holds, we have γβ/2(log(1 + u))β/2 ≥ (log(1 + γu))β/2.)
3.3. Consequences on the spectrum
The above theorems have a number of implications on the eigenvalues and related quantities.
Here we discuss these implications involving an interplay of survival times of paths and geometric
features.
Corollary 3.2. Let ϕ be an eigenfunction corresponding to eigenvalue λV,D of Ψ(-∆)+V under
the conditions of Theorem 3.2. Suppose that λV,D > 0. Then we have∫ ∞
0
E
x∗
[
e−
∫ t
0
V (Xs) ds1{τD>t}
]
dt ≥ 1
λV,D
, (3.30)
where x∗ is a maximizer of |ϕ| in D.
Proof. From the proof of Theorem 3.2 we have
E
x∗
[
e−
∫ t
0 V (Xs) ds1{τD>t}
]
≥ e−λV,Dt , t ≥ 0 . (3.31)
By integrating both sides in t on (0,∞), we obtain (3.30). 
Note that the left hand side of (3.30) gives the mean survival time of the process (Xt)t≥0 starting
from x∗, perturbed by the potential V , thus the above result gives a probabilistic bound on the
Dirichlet-Schro¨dinger eigenvalues.
Remark 3.3. Using the trivial bound
dist(x∗, ∂D) ≤ inradD,
involving the inradius of D, we get the geometric constraint
λV,D ≥ θΨ
(
1
(inradD)2
)
− ‖V −‖∞ + inf
D
V +
on the bottom of the spectrum.
Remark 3.4. Since Ψ−1 is an increasing function, the bound (3.17) can be interpreted as saying
that if the potential is not strong enough, the global extrema of ϕ cannot be too close to the
boundary. Intuitively it is clear that one can decrease dist(x∗, ∂D), for instance, by a potential
which has a hole close to the boundary, that is deep enough to make the process stay in that region
with a sufficiently high probability, preventing it to hit the boundary too soon and get killed. It is
seen that the condition only requires sufficient strength of the potential and no details on its local
behaviour. There is also a probabilistic interpretation of relation (3.15). From [63, Rem. 4.8] we
find that
c1 E
x[τBr(x)] ≤
1
Ψ(r−2)
≤ c2 Ex[τBr(x)] ,
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for some constants c1, c2 > 0 depending only on d. A combination with (3.30) then implies that the
inequality makes a comparison of the mean survival time of the process starting from x∗ perturbed
by the potential with the mean survival time of the free (unperturbed) process, involving the
proportionality constant θ. Note that since the principal eigenfunction ϕ1 is strictly positive, by
the Doob h-transform f 7→ ϕ1f , f ∈ L2(D), we can construct a random process generated by the
operator H˜f = 1ϕ1H(ϕ1f) whose stationary measure is ϕ
2
1dx. The location x
∗ of a global maximum
of ϕ1 then corresponds to a mode of the stationary density of the process conditioned never to exit
the domain D.
Next we consider the principal Dirichlet eigenvalues in the absence of a potential.
Corollary 3.3. Let V = 0 and consider the principal eigenvalue λD1 of the Dirichlet problem (1.3)
for Ψ(−∆).
(i) We have
λD1 ≥
(
Γ(p+ 1)
supx∈D E
x[τpD]
)1/p
, (3.32)
for every p ≥ 1.
(ii) Let Ψ ∈ B0 be a complete Bernstein function. Then there exist positive universal constants
C1, C2, dependent only on d, such that
C1
Ψ([inradD]−2) ≤ supx∈DE
x[τD] ≤ C2
Ψ([inradD]−2) . (3.33)
(iii) There exists a constant C3 > 0, dependent on d, such that
1
supx∈D E
x[τD]
≤ λD1 ≤
C3
supx∈D E
x[τD]
. (3.34)
Proof. Let p ≥ 1. To obtain (i) multiply both sides of (3.31) by ptp−1 and integrate with respect
to t over (0,∞).
Next consider (ii). To prove (3.33) first note that by the domain monotonicity property we have
λD1,Lap ≤
κ1
[inradD]2 ,
where κ1 = λ
B
1,Lap is the Dirichlet principal eigenvalue in the unit ball, and λ
D
1,Lap denotes the
principal Dirichlet eigenvalue of the Laplacian in D. Therefore by [23] we obtain
λD1 ≤ Ψ(λD1,Lap) ≤ Ψ
(
κ1
[inradD]2
)
.
Thus, using (3.32) for p = 1, we have
1
Ψ(κ−11 [inradD]−2)
≤ sup
x∈D
E
x[τD] .
From the Laplace transform of (SΨt )t≥0 and the monotonicity of Ψ it is seen that for every δ ≥ 1
we have
Ψ(u) ≤ Ψ(δu) ≤ δΨ(u), ∀ u ≥ 0 . (3.35)
Thus by (3.35) we get the left hand side of (3.33) with κ−11 ∨ 1 = C−11 . To prove the converse
implication we use a result from [59]. Note that since Ψ is a complete Bernstein function, the process
(Xt)t≥0 has a transition density q(t, x, y) = q(t, x− y). Moreover, q(t, ·) is radially symmetric and
decreasing. Denote by rD = inradD and define
SD =
{
x ∈ Rd : x ∈ Rd−1 × (−rD, rD)
}
.
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Fix t > 0 and z0 ∈ D. By τSD we denote the first exit time from SD. Then
P
z0(τD > t) = lim
m→∞
P
z0
(
X t
m
∈ D,X 2t
m
∈ D, . . . ,Xmt
m
∈ D
)
= lim
m→∞
∫
D
∫
D
· · ·
∫
D
Πmj=1q(
t
m
, zj − zj−1)dz1dz2 · · · dzm
≤ lim
m→∞
∫
SD
∫
SD
· · ·
∫
SD
q(
t
m
, 0, z1)Π
m
j=2q(
t
m
, zj − zj−1)dz1dz2 · · · dzm
= lim
m→∞
P
0
(
X t
m
∈ SD,X 2t
m
∈ SD, . . . ,Xmt
m
∈ SD
)
= P0(τSD > t),
where in the inequality above we used [59, Th. 1.2]. On the other hand, the first exit time τSD
starting from 0 is equal in distribution to the first exit time of a one-dimensional subordinate
Brownian motion from the interval BrD = (−rD, rD) starting from 0. Let (B1SΨt )t≥0 be a one-
dimensional subordinate Brownian motion, and τrD be its first exit time from BrD . The above
estimate gives
sup
x∈D
E
x[τD] ≤ E0[τrD ]. (3.36)
Since the Le´vy exponent of (B1
SΨt
)t≥0 is given by Ψ(u
2), we obtain from [63, Rem. 4.8] and (3.35)
that
E
0[τrD ] ≤
C2
Ψ(r−2D )
,
for some universal constant C2. Hence using (3.36) and the above estimate we obtain the right
hand side of (3.33).
Finally, consider (iii). In view of (3.32) we only need to show the right hand side of (3.34). Using
(3.36) and the estimate above, we get that
sup
x∈D
E
x[τD] ≤ C2
Ψ(r−2D )
=
C2λ
D
1
Ψ(r−2D )
1
λD1
. (3.37)
On the other hand, using [23] and the domain monotonicity of the principal eigenvalue, we obtain
λD1 ≤ Ψ(λD1,Lap) ≤ Ψ
(
κ1
r2D
)
,
where κ1 = λ
B
1,Lap. A combination with (3.37) gives
sup
x∈D
E
x[τD] ≤ C2 sup
s∈(0,∞)
Ψ(κ1s)
Ψ(s)
1
λD1
. (3.38)
Hence using (3.38) and (3.35) we find
sup
x∈D
E
x[τD] ≤ C2 (1 ∨ κ1) 1
λD1
.
This completes the proof of (3.34). 
Remark 3.5. The bound in (3.32) implies for p = 1 the well-known relation
λD1 ≥
1
supx∈D E
x[τD]
,
between the principal Dirichlet eigenvalue and the mean survival time in the domain, first obtained
by Donsker and Varadhan for diffusion processes [26, eq. (1.2)]. For the classical case Ψ(u) = u,
the lower bound
sup
x∈D
E
x[τD]λ
D
1 ≥ 1
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is known to be sharp for any any bounded domain D in Rd [34]. The moment estimates
sup
x∈D
E
x[τpD] ≥
Γ(p+ 1)
(λD1 )
p
, p ≥ 1,
have also an independent interest, giving bounds on the (integer and fractional) moments of the
mean exit time from D for subordinate Brownian motion, which were not known before. Also,
using the same (3.31), it follows that τD has p-exponential moments of order p < λ
D
1 , and we have
the bound
sup
x∈D
E
x[ep τD ] ≥ p
λD1 − p
, p < λD1 .
Remark 3.6. There is much important work on estimates similar to (3.33)-(3.34) for cases when
the reference domain is a simply connected set in R2 and the stochastic process is Brownian motion.
Much effort has been made on finding the best possible universal constants for these estimates; see,
for instance, [1, 3] and the references therein. For similar estimates for symmetric stable processes
we refer to [5, 59]. Corollary 3.3 extends the earlier results to subordinate Brownian motion,
possibly with non-optimal constants.
Remark 3.7 (Hot-spots). In the literature the location where the solution of the heat equation
in a bounded domain at a given time attains its maximum is referred to as a hot-spot. Identifying
possible hot spots in a convex domain is known to be quite challenging and there is an extensive
literature in this direction. In the case of Neumann boundary conditions the solution approaches
the second eigenfunction on the long run, and the so called Rauch-conjecture states that this
eigenfunction attains its maximum on the boundary of the domain, thus the hot-spots in this case
are expected to be located on the edge. This conjecture turned out to be more involved and false in
general, but it has been proven to hold under specific assumptions on the domain, see [2, 19, 39] and
references therein. For Dirichlet boundary conditions the situation is different as now the solution
of the heat equation tends to principal eigenfunction as time goes to infinity, and the hot-spot
becomes its maximizer, away from the boundary. In [17, Th. 2.8] it is shown that there exists a
constant c, dependent only on d, such that for any bounded convex set D one has
dist(x∗, ∂D) ≥ c inradD
( inradD
diamD
)d2−1
, (3.39)
where x∗ denotes a hot-spot of the Laplacian in D with Dirichlet boundary condition. Note that
Theorem 3.2 improves this result substantially. We single this out in the following result.
Corollary 3.4 (Hot-spots). Let Ψ(u) = u, and λD1 be the principal Dirichlet eigenvalue of the
Laplacian for the domain D, and B denote the unit ball centered in the origin. Then
dist(x∗, ∂D) ≥
√
θ
λB1
inradD ,
Proof. By the domain monotonicity property we have
λD1 ≤
1
(inradD)2 λ
B
1 .
Using (3.17), the result follows, possibly with a non-optimal constant. 
Remark 3.8 (Universal upper bound on the distance of maximizer). It is not difficult to see that
a reverse inequality to (3.15) does not hold. Consider the domain D = [0, π]2 and the Laplace
operator. Then ϕn(x, y) = sin((2n + 1)x) sin(y), n ∈ N, is an eigenfunction with eigenvalue λn =
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(2n + 1)2 + 1. Note that |ϕn(π2 , π2 )| = 1 and dist
((
π
2 ,
π
2
)
, ∂D) = π2 . Thus there is no c > 0 such
that
π
2
= dist
((π
2
,
π
2
)
, ∂D
)
≤
(
c
λn
)1/2
, for all n ∈ N .
We note that zn =
(
π
(2n+1)2 ,
π
2
)
is also a maximizer of ϕn and dist(zn, ∂D) ∼ λ−1/2n . Therefore
an interesting open question is whether there exists a universal constant c such that the cλ
−1/2
n -
neighbourhood of ∂D contains an extremum of the Dirichlet eigenfunction ϕn.
Inequality (3.17) has another important consequence, which we single out next. Assume that Ψ
is strictly increasing in (0,∞), denote the Lebesgue measure of D by |D|, and |B| = ωd.
Corollary 3.5 (Faber-Krahn inequality). Under the conditions of Theorem 3.2 we have
|D|
(
Ψ−1
(‖V −‖∞ − infD V + + λV,D
θ
))d/2
≥ ωd. (3.40)
Proof. Since Br(x
∗) ⊂ D whenever r = dist(x∗, ∂D), using (3.17) it is immediate that
|D| ≥ |Br(x∗)| ≥ ωd
(
Ψ−1
(‖V −‖∞ − infD V + + λV,D
θ
))−d/2
.

The Faber-Krahn inequality has been previously known only for the classical case Ψ(u) = u [21,
Th. 1.1], and for the fractional case Ψ(u) = u1/2.
Remark 3.9 (Torsion). Recall the notation H0 = Ψ(−∆), and consider the non-local Dirichlet
problem {
HD0 v = 1, in D
v = 0, in Dc.
The function v is called torsion, and recently it has been noticed that its maximizer and the
maximizer x∗ of the principal Dirichlet eigenfunction of H0 are located very near to each other,
though do not coincide. This puzzling phenomenon has been discussed in [7], see also the references
therein. Note that the solution has the immediate probabilistic meaning v(x) = Ex[τD]. It is
immediate from Corollaries 3.2-3.3 above that with a constant C = C(d) > 0, we have
sup
D
v(x) ≤ Cv(x∗),
A similar result was obtained in [61, Cor. 2] for the case of the classical Laplacian in dimension 2.
Moreover, for Ψ(u) = u, an estimate similar to (3.34) is also known [66].
4. Compactly supported potentials
In this section we consider the eigenvalue problems (1.3)-(1.4) for the special choice of bounded
potentials with compact support. In case V = −v1K with a bounded set K ⊂ Rd with non-empty
interior, we say that V is a potential well with coupling constant v > 0.
Concerning the eigenvalue problem in L2(Rd), recall that the non-local Schro¨dinger operator
H = Ψ(−∆) + V admits a Feynman-Kac representation [36] of an eigenfunction ϕ in the form
e−tHϕ(x) = eλtEx[e−
∫ t
0
V (Xs)dsϕ(Xt)], x ∈ Rd, t ≥ 0.
For a potential well −v1K this becomes specifically
e−tHϕ(x) = eλtEx[evU
K
t (X)ϕ(Xt)],
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where
UKt (X) =
∫ t
0
1K(Xs)ds
is the occupation measure of the set K by subordinate Brownian motion (Xt)t≥0.
For non-local Schro¨dinger operators H above the semigroup {Tt : t ≥ 0}, Tt = e−tH , is well-
defined and strongly continuous. For all t > 0, every Tt is a bounded operator on every L
p(Rd) space,
1 ≤ p ≤ ∞. The operators Tt : Lp(Rd)→ Lp(Rd) for 1 ≤ p ≤ ∞, t > 0, and Tt : Lp(Rd)→ L∞(Rd)
for 1 < p ≤ ∞, t ≥ tb, and Tt : L1(Rd) → L∞(Rd) for t ≥ 2tb are bounded, with some tb ≥ 0.
Also, for all t ≥ 2tb, Tt has a bounded measurable kernel u(t, x, y) symmetric in x and y, i.e.,
Ttf(x) =
∫
Rd
u(t, x, y)f(y)dy, for all f ∈ Lp(Rd) and 1 ≤ p ≤ ∞. For all t > 0 and f ∈ L∞(Rd),
Ttf is a bounded continuous function. Thus the eigenfunctions solving (1.4) are bounded and
continuous, whenever they exist. Also, they have a pointwise decay to zero at infinity. For a
subclass of subordinate Brownian motions it is known that the eigenfunctions decay at a rate
determined by the Le´vy density of (Xt)t≥0. For further details we refer to [44].
Since these potentials are relatively compact perturbations of H0 = Ψ(−∆), the essential spec-
trum is preserved, and thus we have SpecH = SpecessH ∪ SpecdH, with SpecessH = SpecessH0 =
[0,∞). The existence of a discrete component depends on further details of the operator. Gen-
erally, SpecdH ⊂ (−v, 0), and SpecdH consists of at most a countable set of isolated eigenvalues
of finite multiplicity whenever it is non-empty, with possible accumulation point up to zero. For
non-negative compactly supported potentials it is known that SpecdH 6= ∅ if (Xt)t≥0 is a recurrent
process [22]. For potential wells this means that at least an eigenfunction exists for every v > 0
when (Xt)t≥0 recurrent, on the other hand, it is also possible to show that for transient processes
eigenfunctions do not exist if v is too small, but there is at least one if v is large enough.
For the remainder of this section we assume that an eigenfunction exists in either case (1.3)-(1.4),
which is thus bounded and continuous. The following result applies for both eigenvalue problems.
Theorem 4.1. Let D be Rd or a bounded subset of Rd, V be a convex increasing function attaining
a global minimum at xˆ ∈ D, and consider the respective eigenvalue equations with a pair λ and ϕ
such that limx→z∈∂D ϕ(x) = 0. Furthermore, let x
∗ be the location of a global maximum of |ϕ|, and
consider the set
Uλ = {x ∈ D : V (x) ≤ λ} ∩ D.
Then we have x∗ ∈ Uλ and hence,
dist(x∗, xˆ) ≤ max
z∈∂Uλ
dist(x∗, z).
Proof. Note that we only need to show that x∗ ∈ Uλ. Assume, to the contrary, that x∗ ∈ D ∩ Ucλ.
Clearly, we have V > λ on D∩Ucλ. Also, we may assume that ϕ(x∗) > 0. Using the strong Markov
property in the Feynman-Kac representation, we find that
ϕ(x∗) = Ex
∗
[
e−
∫ t∧τUc
λ
0 (V (Xs)−λ) dsϕ(Xt∧τUλ )1{t∧τUcλ<τD}
]
,
which implies,
1 ≤ Ex∗
[
e−
∫ t∧τUλ
0 (V (Xs)−λ) ds1{t∧τUc
λ
<τD}
]
, ∀ t > 0 .
However, the above is not possible and hence this is a contradiction. 
We note that in [6] a related question has been addressed for classical Dirichlet-Schro¨dinger equa-
tions in convex planar domains.
Remark 4.1. It should noted that the convexity of V is not used to find the location of the
maximizer. For instance, if we have V compactly supported inside D and λ < 0, then the same
proof above shows that x∗ ∈ suppV .
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Next we consider a situation in a bounded domain. The following result shows how far from
the support of a not sufficiently negative potential inside a bounded domain a maximizer can move
out. This may be compared with Theorem 3.2, in particular, it will be seen that the effect of the
potential is exercised by the eigenvalue alone. We will use the following condition on Ψ repeatedly,
which we single out here.
Assumption 4.1. Let Ψ ∈ B0. We assume that for every γ0 > 0
lim
s→0
sup
γ∈[γ0,∞)
Ψ(sγ)
Ψ(γ)
= 0 (4.1)
holds.
We will comment and give some examples of Bernstein functions satisfying this assumption following
the proof of our next main result.
To explain our next result, consider a potential V compactly supported in D. Note that the
lower bound in (3.17) uses the L∞ norm of V and therefore it is difficult to say how the size of the
support of V influences the location x∗. In the next result we make an attempt in this direction.
In particular, we show that if x∗ stays for some reason sufficiently far from suppV , then the lower
bound in (3.17) improves. While the assumption may not be easily verifiable at this stage, we find
the conclusion interesting as it highlights a mechanism of the delicate balance phenomenon driving
the maximizer x∗ to stabilise.
Theorem 4.2. Let Ψ satisfy Assumption 4.1, and V be a potential with compact support suppV =
K. Consider a convex bounded domain D ⊂ Rd, containing K, and let dist(K, ∂D) = κ > 0. Also,
let ϕ be an eigenfunction at eigenvalue λ > 0 solving (1.3), and suppose it is known about a global
maximizer x∗ of |ϕ| that dist(x∗, ∂D) ≤ κ/2. Then there exists a constant ζ > 0, dependent on d,
κ and Ψ, but not on D, K, ϕ or λ, such that
dist(x∗, ∂D) ≥ 1√
Ψ−1
(
λ
ζ
) . (4.2)
Proof. Denote r = dist(x∗, ∂D), and without loss of generality assume that x∗ = 0. Let t = c
Ψ(r−2) ,
where the constant c will be chosen below. From the proof of Theorem 3.2 it follows that we can
choose c large enough to satisfy
PS(S
Ψ
t < r
2) <
1
4
, ∀ r > 0 . (4.3)
Fix this choice of c and define Tc =
c
Ψ(4κ−2) . Since r ≤ κ2 , we have t ≤ Tc. Using (4.1) we show
below that there exists T◦ > 1 such that
PS(S
Ψ
t ≤ r2T◦) ≥
1
2
, for all 0 < r <
κ
2
.
Define Yr =
1
r2
SΨt . Then the Laplace transform of Yr is given by
f˘(s) = E
[
e−sYr
]
= E
[
e−
s
r2
SΨt
]
= e
− c
Ψ(r−2)Ψ(sr
−2)
. (4.4)
Since r < κ/2, using (4.1) and (4.4) we see that f˘(s) → 1 as s → 0, uniformly in r ∈ (0, κ2 ]. Thus
by the uniform Tauberian theorem [52, Th. 3], we obtain
PS(Yr ≤ y)→ 1 as y →∞, uniformly in r ∈ (0, κ
2
].
Hence we can find T◦ > 1 satisfying
PS(S
Ψ
t ≤ r2T◦) ≥
1
2
, for all 0 < r <
κ
2
. (4.5)
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Combining (4.3) and (4.5) we obtain that
PS
(
SΨt ∈ [r2, r2T◦]
)
>
1
4
, ∀ r ∈ (0, κ
2
] . (4.6)
Now we fix the above choice of T◦, which depends on c, κ and Ψ. On the other hand, since D
is convex, we may assume that there exists a point z0 ∈ ∂D such that dist(0, z0) = r, z0 lies on
the x1-axis and D lies of the on the complement of the half-space {y ∈ Rd : z0 · y ≥ r2}. Define
χ : [0, T◦]→ Rd by
χ(s) = 2
√
se1,
where e1 is the unit vector along the x1-axis. Note that dist(z0, χ(r
2)) = r and z0 · χ(r2) = 2r2.
Define for δ ∈ (0, κ4 ∧ 12 )
Nδ =
{
f ∈ C([0, T◦],Rd) : f(0) = 0 and max
s∈[0,T◦]
|f(s)− χ(s)| < δ
}
,
i.e., a δ-neighbourhood of χ in C0([0, T◦],Rd), the space of Rd-valued continuous functions on [0, T◦]
with value 0 at s = 0. By the Stroock-Varadhan support theorem it follows that there exists δ1 > 0
such that
P
0
W
(
1
r
Br2s ∈ Nδ
)
= P0W (Bs ∈ Nδ) = δ1 > 0 . (4.7)
Note the equivalence of the events{
max
s∈[0,T◦]
∣∣∣1
r
Br2s − χ(s)
∣∣∣ < δ} = { max
s∈[0,T◦]
|Br2s − rχ(s)| < rδ
}
=
{
max
s∈[0,T◦r2]
|Bs − χ(s)| < rδ
}
,
where in the last equality we used that rχ(s) = χ(r2s). Thus we find
P
0
W
(
max
s∈[0,r2T◦]
|Bs − χ(s)| < rδ
)
= δ1 . (4.8)
Combining (4.6) and (4.8) we have
P
0
(
(ω,̟) : sup
s∈[0,t]
|BSΨs − χ(SΨs )| < rδ, SΨt ∈ [r2, r2T◦]
)
(4.9)
≥ P0
(
(ω,̟) : max
s∈[0,r2T◦]
|Bs(ω)− χ(s)| < rδ, SΨt (̟) ∈ [r2, r2T◦]
)
= P0W
(
max
s∈[0,r2T◦]
|Bs − χ(s)| < rδ
)
PS(S
Ψ
t ∈ [r2, r2T◦]) ≥
δ1
4
,
where the third line follows from the independence of Brownian motion and the subordinator. By
the construction of χ it is seen that every path satisfying
sup
s∈[0,t]
|BSΨs − χ(SΨs )| < rδ, SΨt ∈ [r2, r2T◦],
must leave D by time t since BSΨt ∈ D
c, and it does not enter K in the time interval [0, t]. Thus by
(4.9) we obtain
P
0(τD ≤ t ∧ τKc) > δ1
4
. (4.10)
Then by the Feynman-Kac formula and the strong Markov property it follows that
ϕ(0) = E0
[
eλ(t∧τKc )ϕ(Xt∧τK)1{t∧τKc<τD}
]
≤ ϕ(0)eλt P0(t ∧ τKc < τD) ≤ ϕ(0)eλt(1− δ1
4
) ,
using (4.10). By taking logarithms both sides, we obtain (4.2). 
There is a large family of subordinate Brownian motions satisfying Assumption 4.1. First we
show a general statement and then illustrate it by some important examples.
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Lemma 4.1. Suppose that Ψ is unbounded and regularly varying at infinity, i.e., with a slowly
varying function ℓ and constant β > 0 we have
Ψ(u) ≍ uβℓ(β), for all large u.
Then Assumption 4.1 holds.
Proof. It suffices to show that for any sequence (sn, γn) with
sn → 0, γn →∞, and snγn →∞,
we have
lim
n→∞
Ψ(snγn)
Ψ(γn)
= 0. (4.11)
Fix any ε > 0. Then for large n,
Ψ(snγn)
Ψ(γn)
≤ Ψ(εγn)
Ψ(γn)
≍ εβ ℓ(εγn)
ℓ(γn)
≍ εβ.
Hence (4.11) follows. 
Example 4.1. By Lemma 4.1 the following Bernstein functions satisfy Assumption 4.1:
(i) Ψ(u) = uα/2, α ∈ (0, 2].
(ii) Ψ(u) = (u+m2/α)α/2 −m, m > 0, α ∈ (0, 2).
(iii) Ψ(u) = uα/2 + uβ/2, 0 < β < α ∈ (0, 2].
(iv) Ψ(u) = uα/2(log(1 + u))β/2, α ∈ (0, 2), β ∈ (0, 2 − α).
(v) Ψ(u) = uα/2(log(1 + u))−β/2, α ∈ (0, 2], β ∈ [0, α).
Example 4.2. On the other hand, Ψ(u) = log(1 + uα/2), α ∈ (0, 2], does not satisfy Assumption
4.1. To see this note that for s = 1n and γ = n
2 we have
lim
n→∞
Ψ(sγ)
Ψ(γ)
= lim
n→∞
log(1 + nα/2)
log(1 + nα)
≥ 1
2
.
In the remaining part of this section we consider the eigenvalue problem in full space.
Theorem 4.3. Consider the operator H given by (1.2), suppV = K, and let ϕ be a solution of the
Schro¨dinger eigenvalue problem (1.4) for H, corresponding to eigenvalue λ = −|λ| < 0. If |ϕ| has
a global maximum at x∗ ∈ Rd, then x∗ ∈ K.
Proof. We show that there is no maximizer in Kc. Assume, to the contrary, that x∗ ∈ K. Therefore,
for a suitable δ > 0 we have Bδ(x
∗) ∈ Kc. Let τδ be the exit time from the ball Bδ(x∗). Since
E
x∗[τδ] > 0, we find t > 0 such that P
x∗(τδ > t) > 0. As before, we can also assume that ϕ(x
∗) > 0.
By the Feynman-Kac representation we have
ϕ(x∗) = Ex
∗ [
eλ(t∧τδ)ϕ(Xt∧τδ )
]
≤ eλtEx∗ [ϕ(Xt)1{τδ>t}]+ [eλτδϕ(Xt)1{τδ≤t}]
≤ eλtϕ(x∗)Px∗(τδ > t) + ϕ(x∗)Px∗(τδ ≤ t).
This would imply eλt > 1, which is a contradiction as λ < 0. Hence x∗ ∈ K. 
Remark 4.2. Recall that the eigenfunctions are continuous, as mentioned earlier. Since V is
bounded, from the Feynman-Kac representation we have for every t > 0 that
|ϕ(x)| ≤ e(‖V ‖∞−λ)t Ex[|ϕ|2(Xt)]1/2 ≤ e(‖V ‖∞−λ0)t
(∫
Rd
|ϕ(y)|2qt(x− y) dy
)1/2
, (4.12)
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where qt(x, y) = qt(x − y) denotes the transition density of (Xt)t≥0 starting at X0 = x. It follows
by subordination, see (2.4), that
qt(x− y) =
∫ ∞
0
1
(4πs)d/2
e−
|x−y|2
4s PS(S
Ψ
t ∈ ds).
Therefore, for every fixed y we have qt(x − y) → 0 as |x| → ∞. Moreover, if Ψ satisfies the
Hartman-Wintner condition (3.4), then qt(x, y) is bounded and continuous. Hence by dominated
convergence we obtain from (4.12) that lim|x|→∞|ϕ(x)| = 0, thus every eigenfunction attains its
maximum in Rd.
Finally, we show how deep inside the support the maximizer can be for a potential well. We
denote by IntK the interior of K.
Theorem 4.4. Let V = −v1K with a bounded convex set K, and ϕ be an eigenfunction correspond-
ing to eigenvalue λ = −|λ| < 0 solving the eigenvalue problem (1.4). Suppose that Ψ is unbounded
and satisfies Assumption 4.1. Then there exist two constants ̺1, ̺2 > 0, dependent only on Ψ and
inradK, such that if
v − |λ|
|λ| ≤ ̺1 , (4.13)
then x∗ ∈ IntK and
dist(x∗, ∂K) ≥ 1√
Ψ−1
(
|λ|
̺2
) . (4.14)
Proof. Step 1: First we prove (4.14) assuming that x∗ ∈ IntK. By a shift we can assume that
x∗ = 0 with no loss of generality, and we denote r = dist(x∗, ∂K) > 0. Let t = c
Ψ(r−2) where the
constant c will be chosen later. From the proof of Theorem 4.2 we see that we can choose c large
enough such that
PS(S
Ψ
t ∈ [r2, r2T◦]) = δ1 >
1
4
, ∀ r ∈ (0, inradK] ; (4.15)
see (4.6) above. Therefore, by the independence of increments we have from (4.15) that
PS(S
Ψ
t ∈ [r2, r2T◦], SΨ2t − SΨt ∈ [r2, r2T◦]) = δ21 , ∀ 0 < r ≤ inradK . (4.16)
Now we fix the above choice of T◦ which depends on c and Ψ and inradK (recall that r and t are
related). Since K is convex, we may assume that the point z0 = (r, 0, . . . , 0) ∈ ∂K is such that
dist(0, z0) = r, K lies on the on the complement of the half-space {y ∈ Rd : z0 · y ≥ r2}. Define
χ : [0, T◦]→ Rd by
χ(s) = 2s,
Note that dist(0, χ(12r)) = r. Define
N =
{
f ∈ C([0, 2T◦],R) : f(0) = 0 and max
s∈[0,2T◦]
|f(s)− χ(s)| < 1
2
}
.
In a similar manner as in the proof of Theorem 4.2 we find that there is a δ2 > 0 such that
P
0
W
(
1
r
Br2· ∈ N
)
= P0W (B
1
· ∈ N ) = δ2. (4.17)
Also, we have {
max
s∈[0,2T◦]
∣∣∣1
r
B1r2s − χ(s)
∣∣∣ < 1
2
}
=
{
max
s∈[0,2r2T◦]
∣∣∣B1s − 1rχ(s)∣∣∣ < r2
}
,
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using scaling and that rχ(s) = 1rχ(r
2s). Thus we obtain
P
0
W
(
max
s∈[0,2r2T◦]
|B1s −
1
r
χ(s)| < r
2
)
= δ2 . (4.18)
Combining (4.16) and (4.18) gives
P
0
(
(ω,̟) : max
s∈[0,2T◦r2]
|B1s (ω)−
1
r
χ(s)| < r/2, SΨt (̟) ∈ [r2, r2T◦], SΨ2t(̟)− SΨt (̟) ∈ [r2, r2T◦]
)
= P0W
(
max
s∈[0,2T◦r2]
|B1s − χ(s)| < r/2
)
PS(S
Ψ
t ∈ [r2, r2T◦], SΨ2t − SΨt ∈ [r2, r2T◦]) = δ2 δ21 , (4.19)
where the third line follows from the independence of the two processes. Let
Ω̂ =
{
(ω,̟) : max
s∈[0,2T◦r2]
∣∣∣B1s (ω)− 1rχ(s)∣∣∣ < r2 , SΨt (̟) ∈ [r2, r2T◦], SΨ2t(̟)− SΨt (̟) ∈ [r2, r2T◦]
}
.
We see that
Ω̂ ⊂
{
(ω,̟) : sup
s∈[0,t]
∣∣∣B1SΨs − 1rχ(SΨs )∣∣∣ < r2 , SΨt ∈ [r2, r2T◦], SΨ2t − SΨt ∈ [r2, r2T◦]
}
.
By the construction of χ it follows that for every (ω,̟) ∈ Ω̂, BSΨt ∈ Kc and the paths of BSΨs stay
in Kc for all s ∈ [t, 2t]. This observation will play a key role in our analysis below.
Let δ = δ2 δ
2
1 , and define
2̺1 =
δ
2− δ ∈ (0, 1),
and a function ξ : R→ R+ by
ξ(y) = δe−
1
2
(1−̺1)y + (1− δ)e̺1y.
It is direct to see that ξ′(ε0) = 0 gives
ε0 =
2
1 + ̺1
log
δ(1 − ̺1)
2̺1(1− δ) .
Since
̺1 <
δ
2− δ implies
δ(1 − ̺1)
2̺1(1− δ) > 1,
we have ε0 > 0. Again observe that ξ
′(0) < 0, and therefore ξ(y) < 1 for y ∈ (0, ε0).
Suppose now that v−|λ||λ| ≤ ̺1. By the Feyman-Kac representation we have
ϕ(0) = E0
[
e
∫ 2t
0
(λ−V (Xs)) dsϕ(X2t)
]
,
which, in turn, implies
1 ≤ E0
[
e
∫ 2t
0 (λ−V (Xs)) ds
]
= E0
[
e
∫ 2t
0 (λ−V (Xs)) ds1
Ω̂
]
+ E0
[
e
∫ 2t
0 (λ−V (Xs)) ds1
Ω̂c
]
≤ E0
[
e
∫ 2t
0 (λ−V (Xs)) ds+λt1
Ω̂
]
+ (1− δ)e(v+λ)2t
≤ δe(v+λ)t−|λ|t + (1− δ)e(v+λ)2t ≤ δe̺1|λ|t−|λ|t + (1− δ)e̺1|λ|2t = ξ(2t|λ|) , (4.20)
where in the fourth line we used (4.19). Since 2t|λ| > 0 and ξ(2t|λ|) ≥ 1, we conclude that
2t|λ| ≥ ε0
holds. Hence (4.14) follows with ̺2 =
ε0
2c .
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Step 2: To conclude, we prove that under the condition (4.13) we have x∗ /∈ ∂K. Like before,
we may assume that x∗ = 0 and K ⊂ {x1 ≤ 0}. Note that the estimate (4.19) holds uniformly
in r ∈ (0, inradK). Since 0 is on the boundary of K and the function χ, defined above, lies in
{x1 ≥ 0}, we observe that for every r > 0 and every (ω,̟) ∈ Ω̂ = Ω̂r we have BSΨt ∈ Kc and the
paths BSΨs in stay Kc for s ∈ [t, 2t], where t = cΨ(r−2) and c is chosen the same as before. Therefore,
following a similar argument as in the proof of (4.20), we obtain
1 ≤ ξ(2t|λ|),
for all r > 0. Since t→ 0 as r → 0, and since Ψ is unbounded, the above estimate cannot hold for
small t. Thus we have a contradiction showing that 0 = x∗ ∈ IntK. 
Remark 4.3. We note that for a potential well V = −v1K, v > 0, we have
v − |λ| ≤ λK1 ,
where λK1 is the principal eigenvalue of Ψ(-∆) in K with Dirichlet exterior condition on Kc. Indeed,
from the Feynman-Kac formula we get that
ϕ(x) ≥ Ex
[
e
∫ t
0 (v1K(Xs)+λ) dsϕ(Xt)1{t<τK}
]
≥ et(v−|λ|) min
y∈K
ϕ(y) Px(t < τK) , x ∈ K.
By taking logarithms on both sides and dividing by t > 0, we get
v − |λ| ≤ − lim sup
t→∞
1
t
logPx(t < τK) ≤ λK1 .
Thus the numerator at the left hand side of (4.13) is always bounded by λK1 , and so for |λ| large
enough (4.13) holds. Also, notice that the result in Theorem 4.4 continues to hold for more general
potentials V supported on K and λ < 0. In this situation (4.13) will be replaced by
−minx∈K V (x)− |λ|
|λ| ≤ ̺1 .
Notice that the dependence of ̺1 and ̺2 on inradK comes from (4.1), which has been crucially
used in (4.5). This dependence can be waived for a class of Ψ for which (4.1) holds uniformly in
γ0 > 0, i.e., when
lim
s→0
sup
γ∈(0,∞)
Ψ(sγ)
Ψ(γ)
= 0 . (4.21)
Observe that if Ψ satisfies Assumption 3.1, then (4.21) holds. Indeed, we have then
lim
s→0
sup
γ∈(0,∞)
Ψ(sγ)
Ψ(γ)
= lim
s→0
sup
γ∈(0,∞)
Ψ(sγ)
Ψ(s−1sγ)
. lim
s→0
sµ = 0.
Moreover, (4.5)-(4.6) follow then uniformly in r ∈ (0,∞). Therefore, in this case ̺1 and ̺2 only
depend on Ψ and not on inradK. This is recorded in the following result.
Theorem 4.5. Suppose that Ψ satisfies Assumption 3.1, and let ϕ and λ = −|λ| solve the eigen-
value equation (1.4) for H with a potential well V = −v1K. Then there exist positive ̺1, ̺2,
dependent only on Ψ, such that if
v − |λ|
|λ| ≤ ̺1 ,
then x∗ ∈ IntK and
dist(x∗, ∂K) ≥ 1√
Ψ−1
(
|λ|
̺2
) .
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Theorems 4.4-4.5 have the following interesting “no-go” type consequence.
Corollary 4.1. Under the conditions of Theorems 4.4-4.5 we have that whenever
v < ̺2Ψ
(
1
(inradK)2
)
,
then either |λ| < v/(1 + ̺1) or the non-local Schro¨dinger operator H has no L2-eigenfunctions.
Proof. We have trivially dist(x∗, ∂K) < inradK. Also, |λ| < v, and Ψ−1 is an increasing function.
Hence Theorems 4.4-4.5 give
inradK ≥ 1√
Ψ−1
(
v
̺2
) ,
implying the result. 
Remark 4.4.
(i) We note that, using direct techniques of differential equations, for usual Schro¨dinger operators
H = −∆−v1Ba in L2(Rd), it is well-known that for d ≥ 3, the smallness of the quantity va2 implies
that no L2-eigenfunctions exist. Using the Birman-Schwinger principle, bounds on vaα can also
be derived ruling out L2-eigenfunctions of H = (−∆)α/2 − v1Ba and further non-local operators
[54]. Although the constants may in general differ, we have the same type of bounds resulting from
Corollary 4.1 above.
(ii) We can also use Green functions to find a “no-go” type consequence, which does not involve
(4.13). Suppose that d ≥ 3 and the transition density probability function of (Xt)t≥0 decays to 0
as t→∞. Then the ground state ϕ1 of H = Ψ(−∆)− v1K has the representation
ϕ1(x) =
∫
Rd
(λ1 − V (y))ϕ(y)G(x, y) dy, (4.22)
where G(·, ·) is the associated Green function. It is known [32, Th. 3] that there exists a constant
Cd, dependent only on d, such that
G(x, y) ≤ Cd|x− y|dΨ(|x− y|−2) .
Let R = diamK. Since x∗ ∈ K, by Theorem 4.3, and λ1 < 0 we see from (4.22) that
ϕ1(x
∗) ≤ Cd (v − |λ1|)ϕ1(x∗)
∫
K
dy
|x∗ − y|dΨ(|x∗ − y|−2) ,
which implies
1 ≤ Cd (v − |λ1|)
∫
BR(x∗)
dy
|x∗ − y|dΨ(|x∗ − y|−2) = Cd dωd v
∫ R
0
ds
sΨ(s−2)
,
where ωd denotes the volume of the unit ball in R
d. Therefore, if the right hand side is finite (for
example, for Ψ satisfying Assumption 3.1), then there is no ground state whenever
v <
1
Cd d ωd
∫ R
0
ds
sΨ(s−2)
.
Finally we note that our technique in proving Theorem 4.4 is also applicable to a more general
class of potentials. Consider equation (1.4). For V convex and increasing we have shown in
Theorem 4.1 that the maximizer x∗ ∈ Uλ = {x ∈ D : V (x) ≤ λ} ∩ D. For δ > 0 we define the
δ-neighborhood of Uλ, i.e.
U
δ
λ = {x ∈ Rd : dist(x,Uλ) ≤ δ}.
The following result provides a sufficient condition for the maximizer to be strictly inside Uλ.
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Theorem 4.6. Suppose that Ψ satisfies Assumption 3.1. There exist positive constants ̺1 and ̺2,
dependent only on Ψ, such that if for some δ ∈ (0, inradUλ)
λ−minx∈Rd V (x)
minx∈Rd\Uδλ
(V (x)− λ) ≤ ̺1 ,
then
dist(x∗, ∂Uλ) ≥ 1√
Ψ−1
(
min
x∈Rd\Bδ
λ
(V (x)−λ)
̺2
) .
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